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ISpo = Vacuum Specific Impulse predicted
using the drag law derived from
experimental resul ts (Eq. 5).

/Car lson et aL

Fig. 2 Percentage error in vacuum specific impulse
resulting from the use of the devised drag laws.

lowing empirical expression was developed to best fit the data,

1.1
1 + l.lKn-O'* X

The purpose of the Note is to demonstrate the effect on
nozzle performance predictions of using the drag laws devised
before data were available. The calculations were performed
using a computer program1 for one-dimensional two-phase
flow with chamber conditions typical of a solid-propellant
motor and chamber pressures ranging between 100 and 1000
psia. Mass median particle sizes as measured by tank collec-
tion tests1 from subscale motors were used in the calculations
at the various pressure levels. Vacuum specific impulses of a
nozzle with a 40:1 expansion ratio and a 1.2-in. diam. throat
were calculated employing the various drag laws.

The percentage difference in nozzle performance predic-
tions resulting from using each devised drag law and that
validated by experiment [Eq. (5) ] is illustrated in Fig. 2. At
low-pressure levels the drag law used by Kliegel leads to a
performance prediction which is 1% too high whereas the use
of the other two drag laws results in very small differences in
performance prediction. At the high-pressure levels, where
rarefaction effects are less significant, Carlson's law results
in the least accurate prediction although still less than 0.5%.
Performing the same calculations for larger nozzles shows that
the choice of drag law has even less effect on performance pre-
dictions because of reduced two-phase flow losses with in-
creased nozzle scale.

Using the drag coefficient for a sphere in incompressible
flow as the drag law in the flow analysis of the same nozzle
considered previously results in a vacuum specific impulse
which is 3.7% too high at a chamber pressure of 100 psia.
An inaccuracy of this magnitude would lead to an intoler-
able 10-12 point error in the specific impulse prediction of a
high-performance low-pressure motor to operate in a space
environment, thereby showing the importance of accounting
for flow-rarefaction effects.

In conclusion, the drag laws devised before data were
available to account for rarefaction effects have not led to
large errors in specific impulse predictions. Thus discrepan-
cies between predicted and measured nozzle performance
which, in the past, were attributed to lack of knowledge of the
particle drag coefficient were likely a result of the still un-
resolved problem of condensed-phase particle size.
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Modification of Radiant Enclosure
Equations for Third Generation

Digital Computers

JIMMIE H. SMITH*
Sandia Laboratories, Albuquerque, N. Mex.

Nomenclature
ATTEMP = number of surfaces with specified temperature
JVFLUX = number of surfaces with specified heat flux
NS = -/VFLUX + JVTEMP = total number of sur-

faces in enclosure
Ai = surface area i
FH = geometric view factor from surface i to j
Bi = radiosity or total flux leaving surface i
Ti = temperature of surface i
ei = emissivity of surface i
Qi = heat flux to surface i
dtj = Kronecker delta = 0 if i ^ j; 1 if i = j
a- = Stefan-Boltzmann constant
^(INDEX) = element of symmetric-matrix inverse
INDEX = equivalent one-dimensional subscript replacing

iandj

Introduction

MODERN literature on radiation heat transfer derives and
uses the equations of radiant interchange in matrix form

for solution on digital computers. These equations generally
are not written to use minimum core storage. Yet, two com-
pelling reasons dictate that this requirement be met. One is
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that current defense industry problems involving multimode
heat transfer often need more than the available core. A
less well-known reason is far more often significant. The
latest digital computers, such as the CDC-6600 and the
UNIVAC 1108 with EXEC VIII, use multiprogramming;
the available core is no longer dedicated to a single user at a
time, but rather, is shared among several. Hence, penalty
algorithms decrease priority inversely with both estimated
run time and core requirement; even programs with short
run times will be run less often if they extravagantly reserve
more core than needed.

As an example, we take the usual equations of radiant inter-
change between gray and diffuse emitting and reflecting en-
closure surfaces. Then each of these doubly subscripted non-
symmetric equations is converted to an equivalent singly sub-
scripted symmetric form. These modifications are simple in
principle. They are presented here to obviate their repetition
by countless other users.

Algorithm for Using Upper Triangular and Main Diagonal
View Factor Matrix

In storing an NS X NS matrix we need NS2 locations. But
in storing only the main diagonal and upper triangle, we need
a lesser number, as follows: The first row has TVS elements, the
second row has (NS — 1) elements, and so on. Each row has
one element less than the one above it until, finally, the last
row contains exactly one element. Thus, the sum consists of
NS + (NS - 1) + (NS - 2) + . . . + 1. This is an arith-
metic progression whose first term is NS and whose last term
is 1, and the difference between terms is 1. The number of
terms is N$. The sum is (ATS/2) (ATS + 1). In a digital
computer, the division by 2 must be done last to avoid any
intermediate noninteger values which would be truncated.
NS(NS + 1) is always even.

Now consider an algorithm for converting two-dimensional
row and column coordinates into a one-dimensional index, as
follows: The one-dimensional index must count the upper
half matrix. The count will proceed left to right across the
first row, up to NS elements. Then, on each succeeding row,
going downward, the count is left to right. However, the
first element to be counted on any row is the main diagonal
element. Thus, the index to any arbitrary element (i,j) is

INDEX = NS + (NS - 1) + (NS - 2) + . . . +
[NS- ( i -2 ) ]+ [j - (i- 1)] (1)

where j > i to obtain upper triangle and main diagonal;

INDEX = #8(1 + i - 2) -
[i + 2 + ... + (*- 2)] + y - < + i

Again we sum an arithmetic progression to get

INDEX = NS(i - 1) - (i - 2)[(i - 2) + l]/2 +

Finally, after manipulation,

INDEX = [(i - 1)(2*#S - i)/2] + j for j > i

(2)

(3a)

INDEX = [(j - 1)(2*N8 - j)/2] + i for j < i (3b)

With either form of INDEX, division by 2 must be the last
operation in the left term of the right side. Otherwise,
truncation errors may occur. Equation (3b) generates the
lower triangular matrix as a reflection of the upper triangle
about the main diagonal.

Symmetric Interchange Equations

It would serve no purpose to repeat the well-known gray
enclosure energy balances here. Instead, we begin each
modification with two standard equations by Sparrow
and Cess.1 A reader may then check the basis of either start-

ing equation here in the well-known and excellent textbook
(Ref. 1).

The equations of Sparrow and Cess give matrix elements
which contain the geometric view factor without its corre-
sponding area. Thus, the Sparrow and Cess equations indi-
cate storage and inversion of full nonsymmetric matrices,
since FH ^ F^ in general. Reciprocity suggests that since
AiFij = AjFj-ij we may be able to scale the Sparrow and Cess
equations to obtain symmetric matrices. We succeed in two
cases out of three. That is, if either all of the temperatures
or all of the heat fluxes are given, we then create a symmetric
matrix which is easier to store and invert. Only if a mixture
of temperatures and fluxes are given must we store and invert
a nonsymmetric matrix. Moreover, we will develop an
algorithm such that only the main diagonal and upper triangle
of the view factor matrix is ever stored. By knowing areas
and by using reciprocity, we can always deduce the missing
view factors.

All temperatures specified

Equation (3-23) of Sparrow and Cess is
AHTEMP

3 = 1
(4)

The BJ'S are the unknown radiosities and their multipliers are
the nonsymmetric coefficients of the matrix to be inverted.
To obtain symmetry, the off-diagonal terms, (1 — €;)/fe)^y
must become AiFij. Therefore, we multiply Eq. (4) by
Ai€i/(l - €,•) and insert INDEX

NTEMP rdijA^ __ A^F (INDEX) 1
Ll ~~ *i J — 6i

(5)

With the coefficients of B3 defined in this symmetric manner,
we do a symmetric matrix inversion to find the inverse ele-
ments, ^(INDEX) = [5i,A</(l - 6,-) -

JVTEMP

y = i
i = (C7^4 -

&.«
/(I ~ €<)

(6)

(7)

^4H heat fluxes specified
From Eq. (3-32) of Sparrow and Cess we get, after rearrang-

ing,
NS 0

Noting that, in this case, OTEMP + 1 = 1 and NS =
AFFLUX = number of given heat fluxes, we multiply Eq. (8)
by Ai to obtain symmetry and insert INDEX

ATFLUX
[Aid*,- - (9)

Again we perform a symmetric matrix inversion to find the in-
verse elements ^(INDEX) = [Aidij -

(10)

(H){ [Bi +

Note that with a mixture of specified temperatures and heat
fluxes, there is no way to achieve symmetry. In this event,
employing the usual equations in the literature is the best one
can do, except that the view-factor matrix may still be treated
as symmetric.

Also note that Eqs. (6) and (10) depend on the theorem that
a nonsingular symmetric matrix has a symmetric inverse.
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Results

The modified equations derived here were programmed and
used in conjunction with the transient heat equation with
source term. The radiant heat to each node was input in the
source term after each conduction time step. This quasi-
linearization of the combined transient conduction and radia-
tion problems gave credible results.

In a problem with constant emissivities, only one sym-
metric matrix inversion was required for all of these equa-
tions. However, in a problem where emissivities varied with
temperature, this inversion was required after each conduction
time step. Even a symmetric matrix inversion proved too
time consuming. The equations derived here were solved by
a less accurate relaxation technique for this case.

The largest problem solved contained 300 enclosure sur-
faces. The core saving was 3002 - (300/2) (300 + 1) =
44,850io words. The time saved by a symmetric vs a non-
symmetric system of equations is difficult to estimate pre-
cisely. However, considering that the solution is performed
thousands of times per computer run when emissivity varies
with temperature, the savings can be quite significant.
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Cesium Ion Thrustei

200°K surface
100°K cold patch

• Spacecraft

Fig. 1 Approximate spacecraft-thruster configuration
showing low temperature radiator.

Propellant Condensation on Surfaces
near an Electric Rocket Exhaust

W. C. LYON*
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IN a recent paper,1 Reynolds and Richley considered propel-
lant condensation near the exhaust of ion thrusters. In

part, they stated, "Charge exchange ions formed in the ex-
haust beam are not collimated and their scattering and im-
paction on surrounding surfaces could be a problem. How-
ever, both the quantity and energy levels are considerably less
than those of the primary ions.2 Because of the magnitude of
neutral efflux and the lack of collimation, neutral particle
effluxes present a potentially more serious problem.77 This
conclusion is identical to that of Staggs, et al.2 Recently, we
completed an investigation in which the charge exchange
mechanism could cause condensation or erosion problems
where the primary beam and neutral fluxes constituted no
problem. The data reinforce the first part of the Reynolds
and Richley conclusion and point out the potential danger in
neglecting small contributors.

The application investigated3 is illustrated in Fig. 1. It
consists of a cylindrical spacecraft with a cesium ion thruster
thrusting at 45° to the spacecraft axis. Located in the same
plane is a radiator with a cold patch designed to operate at
100° K. The geometry prohibits direct impacting of the neu-
tral atoms (or Group 2 ions) upon the cold patch, but Group 4
ions have a direct entry to the patch.

Neutral Atom Distribution

The neutral atom distribution for r > a, is approximately4

; ° r2 / r2 r4 (1)

where F is the particle current density in the direction of the
radius vector; r is the distance from the center of the ion en-
gine exhaust plane to the position of interest; 6 is the angle
between r and the normal to the engine exhaust plane; F0
is the particle current density at the ion engine exhaust
plane; and a is the radius of the ion engine exhaust opening.

The assumed thruster t has an atomic (un-ionized) flow rate
of 10~7 Ib/sec of cesium. For the geometry considered, the
direct neutral flux arriving on the lower 300° K surface is
about 2.3 X 1012 atoms/cm2-sec. This temperature is high
enough that the atoms do not accumulate, but immediately
evaporate.! The approximate distribution of atoms which
results is given in Table 1. The cold patch does not "see"
a 300° K surface and consequently no cesium arrives at the
cold patch from such surfaces.

The evaporation rate for a surface at 200°K is 7.1 X 107

atoms/cm2-sec. Hence, for practical purposes, the cesium
accumulation rate on this surface is equal to the rate at which
cesium atoms arrive if one assumes a sticking coefficient of

Table 1 Approximate distribution of atoms to
surfaces and space

Destination

Upper surface at 300°K
Upper surface at 200 °K
Radiator side walls at

300°K
(not shown in Fig. 1)
Space

Percentage
of atoms
hitting
lower
300°K
surface

12.2
7.5

20.2

60.1

Arrival flux,
atoms/cm2-sec

1.1 X 1011

1.3 X 1011
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t The calculations are based upon behavior assumed by the
author and R. Hunter (NASA-GSFC). See Ref. 5 for a descrip-
tion of a typical cesium thruster.

t Evaporation rate is calculated from3 N = P/(2>n-mkT)lf2,
where P is the vapor pressure, m the mass of the atom, k the
Boltzmann constant, and T the absolute temperature.


